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In this work, according to some evidence from being an asymmetry in the number density
of left and right-handed electrons, δL, in-universe motivate us to calculate the dominated
contribution of this asymmetry in the generation of B-mode power spectrum C
(S)
B l
. Note,
in the standard cosmological scenario, Compton scattering in the presence of scalar matter
perturbation can not generate magnetic like pattern in linear polarization while in the case
of polarized Compton scattering, we have shown C
(S)
B l
∝ δ2
L
. We add up the spectrum of the
B-mode generated by the polarized Compton scattering to the spectra produced by weak
lensing effects and Compton scattering in the presence of tensor perturbations. The results
show a significant amplification in CB l in large scale l < 500 for δL > 10
−6 which will be
observable in future high resolution B-mode polarization detection. Finally, we have shown
that C
(S)
B l
generated by polarized Compton scattering can suppress the tensor to scalar ratio,
r parameter so that this contamination can be comparable to a primordial tensor-to-scalar
ratio spatially for δL > 10
−5.
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2I. INTRODUCTION
It can indirectly be observed the primordial gravitational waves (PGWs) via their effects on
the CMB temperature and the polarization (in a context of the standard scenario of Big Bang)
in the low-frequency range (∼ 10−18Hz − 10−16Hz) [1, 2]. Also, it is worthwhile to mention;
the primordial gravitational waves can generate a magnetic like component pattern for linear
polarization of CMB, called B-modes polarization [3] and the amplitude of this signal characterizes
by the tensor-to-scalar ratio, r-parameter at the power spectrum level. One of the most reliable
constraints comes from combining Bicep/Keck data with Planck and WMAP data which reports
r < 0.07 at 95% confidence [4]. While other experiments such as POLARBEAR [5], BICEP/Keck
[6, 7] and SPT [8] collaborations try to improve the precision in B-mode power spectrum as well as
r-parameter. There exit other detectors such the QUIJOTE and SPIDER, which QUIJOTE is an
experiment designed to measure B-mode polarization and sensitive enough to detect a primordial
gravitational-wave amplitude around r = 0.05 [9, 10], and SPIDER is a balloon-borne instrument
designed to detect the polarization of the millimeter-wave sky and its goal is detecting of divergence-
free mode of primordial gravitational waves in CMB radiation [11]. The measurement of the B-mode
polarization in the CMB induced by primordial gravitational waves [12] may be used to provide an
independent cross-check of the early-Universe expansion history[13]. Also independent of Planck
observations, morphology of E and B maps of Galactic dust emission have been explored [14] while
an augmented version of dual messenger algorithm [15, 16] can be used to separation of pure E/B
decomposition on the sphere, based on the principle of the Wiener filter[17].
From the other side, Adv.LIGO has reported the effect of waves of a pair of GW150914 black
holes [18] with a peak gravitational-wave strain of 1.0× 1021 in the frequency range 35 to 250 Hz.
The average measured sensitivity of the Adv.LIGO detectors (Hanford and Livingston) during the
time of analyzing to determine the significance of GW150914 (from Sept 12 to Oct 20, 2015) is in
the range ∼ (10−1Hz − 104Hz) [19].
The generation of the B-mode by the Thomson scattering in the presence of the tensor pertur-
bation of metric [20–24] is a most important method to estimate r-parameter. In contrast with the
E-mode polarization, the B-mode polarization cannot be generated by the Thomson scattering in
the case of the scalar perturbation of metric [20–26]. The ratio of tensor to scalar modes is estimated
by comparing the B-mode power spectrum with the E-mode (r ∼ CB l/CE l) at least for small l
(large scale). There are several sources such as lensing anomaly[27], vector perturbations[28] and
chiral photons[29] which can have mimic signals on the polarization of the CMB. The B-mode not
3only helps to estimate r-parameter but also it can be used to constrain the bound on the strength
of primordial magnetic field[30], the neutrino masses[31], modification of the gravity[32, 33], cosmic
(super-) string[34–36] and other fundamental physics[37]. Also in recent years, many mechanisms
have been reported which are capable to generate the magnetic like polarization [38–49]. Also
it is worthwhile to note, the small field models of inflation can generate a significant primordial
gravitational wave signal which predicts a value of r parameter as high as 0.01 [50].
One of the primary sources of curl pattern polarization is inducing of the CMB by Faraday
Rotation, which can provide a distinctive signature of primordial magnetic fields[51–53]. Magnetic
fields generate large vector modes which can be a source for B-mode polarization dominantly, but
with the usual thermal CMB power spectrum (see[52, 54]). Anisotropic cosmic birefringence can
also lead to the conversion of E-mode to B-mode polarization[55]. The lensing of the CMB along
the line of sight can be another source for B-modes polarization which can be distinguished from
the primordial B-mode one[56]. The vector-mode perturbation due to strings can naturally induce
B-mode polarization with a spectrum distinct from that expected from inflation itself[57]. Also,
any instrumental polarization rotation which can convert E-mode into B-mode and vice versa
should be considered[58].
Some of our recent works also discussed the generation of B-mode polarization in the presence of
scalar perturbations via Cosmic Neutrino Background and CMB interactions[47, 59, 60], nonlinear
photons interactions [61], photon interaction by considering extensions to QED such as Lorentz-
invariant violating operators[62], non-commutative geometry[49], interaction of dipolar dark matter
with CMB photons[63] and photon-fermion forward scattering [64]. Also the intrinsic B-mode
polarization is calculated by using the Boltzmann code SONG [65] which induce in the CMB by
the evolution of primordial density perturbations at second order [66].
In our previous work [67], we have shown that Compton scattering of photons from polarized
electron 1 can generate circular polarization in contrast to the ordinary Compton scattering [68]
but we have not investigated the generation of B-mode polarization due to polarized Compton
scattering which is the mean aim of present work. In this paper, we will discuss the effect of the
mentioned mechanism on the amplitude of the primordial gravitational waves (r-parameter) and
we plot the power spectrum of E- and B-modes polarization.
1 Which is called Polarized Compton Scattering
4II. POLARIZED COSMIC ELECTRONS
With the Compton scattering of unpolarized in-going electrons (shown by Ur spinor state) by
photons, one can make an average on initial helicity states of electrons r and an assumption on final
states which allows us to use the ordinary completeness relation
∑
r Ur(q)U¯r(q) =
q/+m
m . However,
with the polarized Compton scattering, we will consider small polarization for in-going electrons.
As a result, the Dirac spinors completeness relation will be modified to [69]
Ur(q)U¯r(q) =
[q/+m
2m
1 + γ5S/r(q)
2
]
(1)
where Sr, helicity operator with r = L,R, is defined as:
SR(q) = (
| q |
m
,
E
m
q
| q |
), SL(q) = −SR(q). (2)
Let’s assume a small fraction δL (δR) of left (right)-handed polarization for in-going electrons while
we do not apply any constraints on the out-going electrons.
The production of polarized electrons has been reported in a vast area in physics2. In here,
for example, we address two critical circumstances which inevitable confront us with polarized
electrons, and so the asymmetry between left-handed and right-handed electrons would happen.
The presence of an external magnetic field which make electrons occupy Landau levels and beta-
processes in Big Bang Nucleosynthesis (BBN) which make a discrepancy in interaction of left- and
right- handed electrons with left-handed neutrino.
A. At the presence of primordial magnetic field
It is believed that early Universe was filled with high conductivity charged plasma, so because
of this, it might have possessed stochastic magnetic field which was in a dynamical co-evolution
with expanding matter [75]. From the study of quadrupole anisotropy in CMB one can justify
that a very large-scale field such as a magnetic field would select out a particular direction, see for
example [76]. Nevertheless, the origin of primordial magnetic field is a challenging question which
attracted a lot of interest in physics community, see for example [39] and references therein. Here
we review the effect of the possibly external cosmic magnetic field on the generation of polarized
cosmic electrons.
2 See for example [70–74].
5The energy spectrum of a left-handed and right-handed fermions field through the Dirac equa-
tion at the presence of a constant magnetic field, which is along the z direction, would be
En = ±
√
m2 + p2z + 2n eB , n = 0,±1,±2, . . . , (3)
where n shows Landau levels. The exciting phenomenon will happen at the lowest Landau n = 0.
In this level at least, there is no symmetry in occupation between left- and right-handed charged
fermions, see [77] for the detailed discussion. Keeping this idea that at the lowest Landau level,
just the left-handed electrons live, for a non-relativistic electrons we have, from Eq.(3),
En ≈
p2z
2m
+
n eB
m2
. (4)
Note after last scattering, cosmic electrons are non-relativistic region. Consider cosmic electrons
as a fermionic gas with N particles with the energy as Eq.(4). It is clear that EF ≥
neB
m2 where EF
is Fermi energy. The equality will happen with maximum Landau level nmax as following
nmax =
EF
eB
m2
(5)
So ones can consider an asymmetry to left- and right- handed electrons as
δL ∼
1
nmax
=
eB
m2EF
, (6)
The evolution of the magnetic field during universe expansion makes us believe that the δL is
different at the different scale of the universe. However, this is also true for baryon density and
electron one in the universe. Following [39], we have the present magnetic field and baryon density
in terms of red-shift as
B0 = B(t0)(1 + z)
2, ne ∼ nb = nb(t0)(1 + z)
3 (7)
where z is a redshift parameter.
The Fermi energy for cosmic electrons in the non-relativistic 3-dimensional system can be written
as
EF =
(3π2nb)
2/3
2m
, (8)
therefore from Eq.(6), δL is independent from the red-shift parameter and it would take same value
in all universe scale. Finally, for ne(t0) = nb(t0) ≃ 10
−7( 1
cm3
), we have
δL ≈ 10
−4B18, (9)
where B18 = B/10
−18G. Note notwithstanding the primordial magnetic field is stochastic field,
but in large scale, our result remain true.
6B. Beta process in BBN
One of the important parameter to study during BBN is the proton-neutron ratio. The neutron-
proton ratio was estimated by Standard Model physics before the nucleosynthesis epoch, almost
the first 1-second after the Big Bang. Before the nucleosynthesis era the neutron-proton ratio (np )
close to 1, at freeze-out this ratio would be 16 and after freeze-out gets smaller.
As it is well known that neutrinos interact with electrons and nucleons via charged and neutral
current while the charged current, β process, is dominated. On the other hand, due to the parity-
violating coupling of neutrinos to matter, neutrinos interacting only with left-handed quarks and
electrons by exchanging charged gauge bosons W± while left-handed neutrino can be coupled to
left- and right-handed quarks (u, d) by exchanging neutral gauge boson Z◦,
n+ νeL → p+ e
−
L (10)
n+ e+ → p+ ν˜e (11)
This fact can be a source to generate the asymmetry between left- and right-handed polarization
of cosmic electrons. Although the neutrons react through above reactions to produce protons and
polarized electrons, these polarized electrons can make secondary interactions (during the time
between freeze out to last scattering epoch) to lose their polarization. Note in this paper, we do
not study these effects exactly (may happen in future), we just mention it as our motivation.
III. POWER SPECTRUM OF SCALAR MODES IN PRESENCE OF POLARIZED
COMPTON SCATTERING
To get the time evolution of CMB polarization, using the quantum Boltzmann equation is
helpful, especially when we need to consider different collision terms. Such an approach have been
studied in [68]. The Boltzmann equation for CMB polarization via ordinary and polarized Compton
scattering is derived in [67], see also Appendix. In following, we just consider the equation for linear
polarization which is given as
d
dη
∆
±(S)
P + iKµ∆
±(S)
P = τ˙eγ [−∆
±(S)
P +
1
2
(1− P2(µ))Π]
± iτ˙
PC
2
3
∆
(S)
I2 (1− µ
2)±
1 + i
3
(1− µ2)τ˙
PC
Π± (12)
where ∆
±(S)
P (K,k, τ) = Q
(S) ± iU (S), Q and U are Stokes parameters to describe linear polar-
ization, (S) indicates the primordial scalar perturbations which is expanded in the Fourier modes
7characterized by wave number K, τ˙eγ ≡
dτeγ
dη is Compton scattering optical depth, a(η) is nor-
malized scale factor, µ = nˆ · Kˆ = cos θ where the θ is angle between the CMB photon direction
nˆ = k/|k| and the wave vectors K, and finally P2(µ) is the Legendre polynomial of rank 2. In
above equation, the source terms Π ≡ ∆
(S)
I2 + ∆
(S)
Q2 + ∆
(S)
Q0 comes from usual Compton scattering
while the source term from polarized Compton is
Π+ = (2 + i)∆
+(S)
P2 + i∆
−(S)
P2 , (13)
Π− = (2i+ 1)∆
−(S)
P2 +∆
+(S)
P2 , (14)
where
τ˙
PC
=
3
2
mve(x)
k0
σT δLne(x), (15)
where ve(x) is electron bulk velocity. Note the sources in above equations involve the multi-
pole moments of intensity I and polarization P which are defined as ∆(S)(K,µ) =
∑
l(2l +
1)(−i)l∆
(S)
l (K)Pl(µ), where Pl(µ) is the Legendre polynomial of order l.
The value of ∆
±(S)
P (nˆ) at the present time η0 and the direction nˆ can be obtained in following
general form by integrating of the Boltzmann equation (12) along the line of sight [20] and summing
over all the Fourier modes K as following
∆
±(S)
P (nˆ) =
∫
d3Kξ(K)e2iϕK,n∆
±(S)
P (K,k, η0), (16)
where ϕK,n is the angle needed to rotate the K and n dependent basis to a fixed frame in the sky
and ξ(K) is a random which is used to characterize the initial amplitude of each primordial scalar
perturbations mode, and also the values of ∆
±(S)
P (K,k, η0) is given as
∆
±(S)
P (K, µ, η0) =
∫ η0
0
dη τ˙eγ e
ixµ−τeγ
[3
4
(1− µ2)Π(K, η) ± i
2τ˙
PC
3τ˙eγ
∆
(S)
I2 (1− µ
2)
±
1 + i
3
(1− µ2)
τ˙
PC
τ˙eγ
Π±
]
, (17)
in which x = K(η0 − η). The differential optical depth, τ˙eγ(η) = ane σT and total optical depth
τeγ(η) due to the Thomson scattering at time η is defined as
τeγ(η) =
∫ η0
η
τ˙eγ(η)dη. (18)
As it is well known, the linear polarization of CMB can be described in terms of the divergence-free
part (B-mode ∆
(S)
B ) and the curl-free part (E-mode ∆
(S)
E ) instead of Q and U parameters as below
∆
(S)
E (nˆ) = −
1
2
[ð¯2∆
+(S)
P + ð
2∆
−(S)
P ]
∆
(S)
B (nˆ) =
i
2
[ð¯2∆
+(S)
P − ð
2∆
−(S)
P ] (19)
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FIG. 1. The deviation of E-mode power spectrum from standard one via polarized Compton scattering in
the presence of scalar perturbation for different δL has been plotted.
where ð and ð¯ are spin raising and lowering operators respectively [20] which in the ~K‖z coordinate
frame and considering azimuthal symmetry, we have ð¯2 ≡ ð2. Finally, the power spectrum of linear
polarization in CMB, C
(S)
X l because of a general interaction in the presence of scalar perturbation
is given by the following equation
C
(S)
X l =
1
2l + 1
∑
m
〈a∗X,lmaX,lm〉 (20)
which X = {E ,B} and also
aE lm =
∫
dΩ Y ∗lm ∆E , aB lm =
∫
dΩ Y ∗lm ∆B. (21)
In the next, we report the effect of polarized Compton scattering on E- and B-modes power
spectrum.
A. E-Mode in presence of Polarized Compton Scattering
By considering the polarized Compton scattering, the modified Boltzmann equation (e.g., Eq.12)
with acting the spin raising operator twice on the integral solution of ∆
±(S)
P (K, µ, η0) (Eq.17) leads
to the following expressions for electric-like polarization in the presence of the scalar perturbations
∆
(S)
E (η0, k, µ) = −
∫ η0
0
dηg(η)[
3
4
Π(K, η) +
2
3
∆
(S)
P2 (K, η)
τ˙
PC
τ˙
eγ
]∂2µ[(1− µ
2)2eixµ]
=
∫ η0
0
dηg(η)[
3
4
Π(K, η) +
2
3
∆
(S)
P2 (K, η)
τ˙
PC
τ˙
eγ
](1 + ∂2x)
2(x2eixµ) (22)
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FIG. 2. B-mode power spectrum has been plotted in terms of (µK)2 for different cases. Note CT
Bl
indicates
the distribution of Compton scattering in the presence of tensor perturbations with tensor to scalar ratio
r = 0.05 while CL
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indicates the Lesing distribution. Also, CS
Bl
is the distribution of polarized Compton
in the presence of scalar perturbations. To compare the results, the experiment BICEP2/Keck/Plank 2018
results for B-mode power spectrum (dots with their error bars) have been added.
Therefore, the E-mode power spectrum C
(S)
lB due to polarized Compton scattering besides the
ordinary Compton scattering in the presence of scalar perturbation background is
C
(S)
E l =
1
2l + 1
∑
m
〈a∗E,lmaE,lm〉
=
1
2l + 1
(l − 2)!
(l + 2)!
∫
d3 ~KP (S)ϕ ( ~K, τ)
∑
m
|
∫
dΩY ∗lm
∫ η0
0
dηg(η)[
3
4
Π(K, η) +
2
3
∆
(S)
P2 (K, η)
τ˙
PC
τ˙
eγ
]
× [(1 + ∂2x)
2(x2eixµ)]|2 (23)
In the condition ~K||z, we have
∫
dΩY ⋆lm(nˆ) e
ixµ =
√
4π(2l + 1) il jl(x) δm0 and the differential
equation satisfied by the spherical Bessel function, j
′′
l (x) + 2
j
′
l (x)
x
+ [1 −
l(l + 1)
x2
] jl(x) = 0, then
the E-mode power spectrum rewrites as
C
(S)
E l = (4π)
2 (l + 2)!
(l − 2)!
∫
K2dKPϕ(K)(
∫ η0
0
dηg(η)[
3
4
Π(K, η) +
2
3
∆
(S)
P2 (K, η)
τ˙
PC
τ˙
eγ
]
jl(x)
x2
)2
= (4π)2
(l + 2)!
(l − 2)!
∫
K2dKPϕ(K){(
∫ η0
0
dηg(η)
3
4
Π(K, η)
jl(x)
x2
)2
+
∫ η0
0
dηg(η)Π(K, η)∆
(S)
P2 (K, η)
τ˙
PC
τ˙
eγ
jl(x)
x2
} (24)
The first term in the second line of above equation presents the value of E-mode power spectrum
from the standard scenario of cosmology C¯
(S)
E l and the second term comes from the Polarized
Compton scattering. Therefore, deviation E-mode power spectrum from their standard value,
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FIG. 3. By considering the lensing effects, tensor perturbations and polarized Compton scattering effects
in the presence of scalar perturbations, the total value of B-mode power spectrum for the different value of
δL are plotted. Also, the experiment BICEP2/Keck/Plank 2018 results for B-mode power spectrum (dots
with their error bars) have been added. The Black line is B-mode power spectrum is tensor perturbation
along with the lensing effect (standard value). Also by adding the B- mode power spectrum in the presence
of scalar perturbation for different δL are plotted: the blue line is for δL = 2 × 10
−5, the red line is for
δL = 10
−5, the green line is for δL = 10
−6 and the black dotted line is for δL = 10
−7.
∆C
(S)
E l , can be written as
∆C
(S)
E l = C
(S)
E l − C¯
(S)
E l . (25)
This quantity has been plotted in Fig.(1) for different δL. As this plot shows, ∆CEl for δL = 10
−5 is
in order 10−3 (µK)2, at least for small l, which is in the range of the current precision experiments.
B. B-Mode power spectrum
In the standard scenario of cosmology for CMB polarization, by considering azimuthal symme-
try, we have ð¯2∆
+(S)
P = ð
2∆
−(S)
P , therefore ∆
(S)
B (η0, k, µ) is equal to zero. Namely, in the presence
of scalar perturbation, B-mode can not generate via ordinary Compton scattering C¯
(S)
B l = 0. How-
ever by taking into account the contribution of polarized Compton scattering, our result leads to
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the following expression
∆˜
(S)
B (η0, k, µ) =
2
3
∫ η0
0
dηg(η) [∆
(S)
I2 (K, η) + (4i− 1)∆
(S)
P2 (K, η)]
τ˙
PC
τ˙
eγ
∂2µ ((1− µ
2)2eixµ)
= −
2
3
∫ η0
0
dηg(η)
τ˙
PC
τ˙
eγ
[∆
(S)
I2 (K, η) + (4i − 1)∆
(S)
P2 (K, η)] (1 + ∂
2
x)
2(x2eixµ)
(26)
Therefore, the B-mode power spectrum, C
(S)
B l , would be
C
(S)
B l = C¯
(S)
B l +∆C
(S)
B l =
1
2l + 1
∑
m
〈a∗B lmaB lm〉
=
1
2l + 1
(l − 2)!
(l + 2)!
∫
d3 ~KP (S)ϕ (
~K, τ)
∑
m
∣∣∣2
3
∫
dΩY ∗lm∫ η0
0
dηg(η)[∆
(S)
I2 (K, η) + (4i − 1)∆
(S)
P2 (K, η)]
τ˙
PC
τ˙
eγ
[(1 + ∂2x)
2(x2eixµ)]
∣∣∣2. (27)
Finally, the B-mode power spectrum because of polarized Compton scattering in the presence of
scalar perturbation can be written as
C
(S)
B l = ∆C
(S)
B l = (4π)
2 (l + 2)!
(l − 2)!
∫
K2dKPϕ(K)(2
3
∫ η0
0
dηg(η)
τ˙
PC
τ˙
eγ
[∆
(S)
I2 (K, η) + (4i − 1)∆
(S)
P2 (K, η)]
jl(x)
x2
)2
. (28)
The effect of polarized Compton scattering on a tensor to scalar ratio r-parameter as well as the
B mode power spectrum can not be ignored. As mentioned several times, in the standard scenario
of cosmology, we have C¯
(S)
B l = 0. From this, it is considered C
(Ob)
B l = C
(T )
B l where C
(Ob)
B l indicates
observed B-mode power spectrum while C
(T )
B l is B-mode power spectrum due to usual Compton
scattering in the presence of gravitational wave which is shown by index (T ). As a result, we could
write the standard value of the tensor to scalar ratio r as follows
r = PT /PS ∝ C
T
B l/C
S
E l = C
Ob
B l /C
S
E l. (29)
But in our case, C
(S)
B l 6= 0, so the observed B-mode power spectrum is C
Ob
B l = C
(S)
B l +C
(T )
B l and then
we have
r∗ ≃ CTB l/C
S
E l = r −
C
(S)
B l
C
(S)
E l
, (30)
where we call r∗ as a net scalar to tensor ratio. From above equation and Eq.(28), we can yield
the below result
r∗ ≃ r −
( τ˙
PC
τ˙
eγ
)2
, (31)
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where
τ˙
PC
τ˙
eγ
=
1
η0
∫ η0
0
τ˙
PC
τ˙
eγ
≃ 10−3
( δL
10−7
)
. (32)
Finally, we can estimate the net scalar to tensor ratio as following
r∗ ≃ r − 10−6
( δL
10−7
)2
. (33)
As the above equation is shown, the contamination from polarized Compton scattering can be
comparable to a primordial tensor-to-scalar ratio spatially for δL > 10
−5.
IV. CONCLUSION
In this paper, first, we shortly investigate the asymmetry in the number density of left- and
right-handed cosmic electrons δL due to the primordial large-scale magnetic field and beta pro-
cesses in BBN epoch. Next by solving the quantum Boltzmann equation, the time evolution of
Stokes parameters via normal and polarized Compton scattering are obtained. We have shown
that the polarized Compton scattering, in contrast with the normal one, can generate magnetic
like pattern in linear polarization of CMB radiation. We have shown that the B- mode power
spectrum of CMB in the presence of scalar perturbation does not vanish and its value depends on
square value δ2L (C
(S)
B l ∝ δ
2
L). We add up the spectrum of the B-mode generated by the polarized
Compton scattering to the spectra produced by weak lensing effects and Compton scattering in the
presence of tensor perturbations and we have plotted our results in Figs. (2-3). The results show
a significant amplification in CB l in large scale l < 500 for δL > 10
−6 which can be observable in
future high resolution B-mode polarization detection. Also, we have shown that C
(S)
B l generated by
polarized Compton scattering can suppress the tensor to scalar ratio, r parameter so that the con-
tamination from polarized Compton scattering can be comparable to a primordial tensor-to-scalar
ratio spatially for δL > 10
−5.
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APPENDIX: CMB INTERACTIONS WITH POLARIZED ELECTRONS
The effects of the external magnetic field on a large scale [78], chiral magnetic instability in
neutron stars and Magnetars [79], fermion production during and after axion inflation [80] and new
physics interactions on the distribution of cosmic electrons can be considered as possible sources
of the polarized cosmic electrons. These motivated us to consider the generation of CMB circular
polarization via polarized Compton scattering. Recently in [67] by straightforward calculating
of the interacting Hamiltonian for photon-polarized electron scattering (e + γ −→ e + γ), the
Boltzmann equation for ρij(x,k) in the first order of the interacting Hamiltonian is given
d
dt
ρij(x,k)=
e4
2k0(2k.q)2
(i)
∫
dqdp
m
E(q + k− p)
(2π)δ
(
E(q+ k− p) + p− E(q)− k
)
×
(
ne(x,q)δs2s′1(δis1ρs′2j(k) + δjs′2ρis1(k))− 2ne(x,q
′)δis1δjs′2ρs′1s2(p)
)
| M | 2P
(34)
where q, p and k are incoming electron momentum, incoming photon momentum and outgoing
photon momentum of Compton scattering amplitude, respectively. We consider qˆ = ~q/ | q | and
| M | 2P is the contribution of Compton scattering of photons by polarized electrons as
| M | 2P ≈
e4
4(q.k)2
{
q.ǫs′
2
(k)
(
k.ǫs′
1
(p)qˆ.ǫs1(k)× ǫs2(p) + p.ǫs1(k)qˆ.ǫs′1(p)× ǫs2(p)
)
+q.ǫs2(p)
(
p.ǫs1(k)qˆ.ǫs′2(k)× ǫs′1(p) + qˆ.ǫs1(k)ǫs′2(k).p × ǫs′1(p)
)
+qˆ.ǫs′
1
(p)
(
q.ǫs2(p)k.ǫs1(k)× ǫs′2(k)− q.ǫs′2(k)ǫs2(p).k × ǫs1(k)
)
−q.ǫs′
2
(k)qˆ.ǫs1(k)p.ǫs′1(p)× ǫs2(p)
+ǫs1(k).ǫs′1(p)
(
q.ǫs2(p)qˆ.k × ǫs′2(k)− q.ǫs′2(k)qˆ.k × ǫs2(p)
+q.ǫs2(p)qˆ.p× ǫs′2(k)− q.ǫs′2(k)qˆ.p × ǫs2(p)
)
+ǫs1(k).ǫs2(p)q.ǫs′2(k)qˆ.p× ǫs′1(p) + ǫs′1(p).ǫs′2(k)q.ǫs2(p)qˆ.k × ǫs1(k)
−δs2s′1q.ǫs′2(k)qˆ.k × ǫs1(k)− δs1s′2q.ǫs2(p)qˆ.p× ǫs′1(p)
}
(35)
ǫs1 are polarization vector components of incoming and outgoing photons. By running all indices
and defining Eq.(35) as vector like objectMP (s1, s2, s
′
1, s
′
2) and doing integration over q and spatial
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integration over p, the main Stokes parameters take the following form
I˙(k)=
1
2
(ρ˙11 + ρ˙22)
= iτ˙
PC
∫
dΩ
4π
[
fII(kˆ, pˆ)I(k) + fIQ(kˆ, pˆ)Q(k) + fIU (kˆ, pˆ)U(k) + fIV (kˆ, pˆ)V (k)
−gII(kˆ, pˆ)I(p)− gIQ(kˆ, pˆ)Q(p)− gIU (kˆ, pˆ)U(p)− gIV (kˆ, pˆ)V (p)
]
, (36)
Q˙(k)=
1
2
(ρ˙11 − ρ˙22)
= iτ˙
PC
∫
dΩ
4π
[
fQI(kˆ, pˆ)I(p) + fQQ(kˆ, pˆ)Q(p)
−gQI(kˆ, pˆ)I(p)− gQQ(kˆ, pˆ)Q(p)− gQU (kˆ, pˆ)U(p)− gQV (kˆ, pˆ)V (p)
]
(37)
U˙(k)=
1
2
(ρ˙21 + ρ˙12)
= iτ˙
PC
∫
dΩ
4π
[
fUI(kˆ, pˆ)I(k) + fUU(kˆ, pˆ)V (k) + fUU (kˆ, pˆ)U(k)
−gUI(kˆ, pˆ)I(p)− gUQ(kˆ, pˆ)Q(p)− gUU (kˆ, pˆ)U(p)− gUV (kˆ, pˆ)V (p)
]
(38)
V˙ (k)=
1
2
(ρ˙21 − ρ˙12)
= −iτ˙
PC
∫
dΩ
4π
[
fV I(kˆ, pˆ)I(k) + fV V (kˆ, pˆ)V (k)
+gV I(kˆ, pˆ)I(p) + gV Q(kˆ, pˆ)Q(p) + gV U (kˆ, pˆ)U(p) + gV V (kˆ, pˆ)Q(p) + gV U (kˆ, pˆ)U(p)
]
(39)
where
τ˙
PC
=
3
2
mve(x)
k0
σT δL ne(x), (40)
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Where ve(x) is electron bulk velocity and also δL is as a fraction of polarized electron number
density to total one with net Left- handed polarization. And also f ’s and g’s are defined as
fII(kˆ, pˆ) =MP (1, 1, 1, 1) +MP (1, 2, 2, 1) +MP (2, 1, 1, 2) +MP (2, 2, 2, 2)
fIQ(kˆ, pˆ) =MP (1, 1, 1, 1) +MP (1, 2, 2, 1) −MP (2, 1, 1, 2) −MP (2, 2, 2, 2)
fIU(kˆ, pˆ) =MP (2, 2, 2, 1) +MP (2, 1, 1, 1) +MP (1, 1, 1, 2) +MP (1, 2, 2, 2)
fIV (kˆ, pˆ) = i
(
MP (2, 1, 1, 1) +MP (2, 2, 2, 1) −MP (1, 1, 1, 2) −MP (1, 2, 2, 2)
)
fQI(kˆ, pˆ) =MP (1, 1, 1, 1) +MP (1, 2, 2, 1) −MP (2, 1, 1, 2) −MP (2, 2, 2, 2)
fQQ(kˆ, pˆ) =MP (1, 1, 1, 1) +MP (1, 2, 2, 1) +MP (2, 1, 1, 2) +MP (2, 2, 2, 2)
fUI(kˆ, pˆ) =MP (2, 1, 1, 1) +MP (2, 2, 2, 1) +MP (1, 1, 1, 2) +MP (1, 2, 2, 2)
fUU(kˆ, pˆ) =MP (2, 1, 1, 2) +MP (2, 2, 2, 2) +MP (1, 1, 1, 1) +MP (1, 2, 2, 1)
fV I(kˆ, pˆ) = i
(
MP (1, 1, 1, 2) +MP (1, 2, 2, 2) −MP (2, 1, 1, 1) −MP (2, 2, 2, 1)
)
fV V (kˆ, pˆ) =MP (1, 1, 1, 1) +MP (1, 2, 2, 1) +MP (2, 1, 1, 2) +MP (2, 2, 2, 2)
gII(kˆ, pˆ) =MP (1, 1, 1, 1) +MP (2, 1, 1, 2) +MP (1, 2, 2, 1) +MP (2, 2, 2, 2)
gIQ(kˆ, pˆ) =MP (1, 1, 1, 1) +MP (2, 1, 1, 2) −MP (1, 2, 2, 1) −MP (2, 2, 2, 2)
gIU (kˆ, pˆ) =MP (1, 2, 1, 1) +MP (2, 2, 1, 2) +MP (1, 1, 2, 1) +MP (2, 1, 2, 2)
gIV (kˆ, pˆ) = −i
(
MP (1, 2, 1, 1) +MP (2, 2, 1, 2) −MP (1, 1, 2, 1) −MP (2, 1, 2, 2)
)
gQI(kˆ, pˆ) =MP (1, 1, 1, 1) −MP (2, 1, 1, 2) +MP (1, 2, 2, 1) −MP (2, 2, 2, 2)
gQQ(kˆ, pˆ) =MP (1, 1, 1, 1) −MP (2, 1, 1, 2) −MP (1, 2, 2, 1) +MP (2, 2, 2, 2)
gQU (kˆ, pˆ) =MP (1, 2, 1, 1) −MP (2, 2, 1, 2) +MP (1, 1, 2, 1) −MP (2, 1, 2, 2)
gQV (kˆ, pˆ) = i
(
MP (1, 2, 1, 1) −MP (2, 2, 1, 2) −MP (1, 1, 2, 1) +MP (2, 1, 2, 2)
)
gUI(kˆ, pˆ) =MP (2, 1, 1, 1) +MP (1, 1, 1, 2) +MP (2, 2, 2, 1) +MP (1, 2, 2, 2)
gUQ(kˆ, pˆ) =MP (2, 1, 1, 1) +MP (1, 1, 1, 2) −MP (2, 2, 2, 1) −MP (1, 2, 2, 2)
gUU (kˆ, pˆ) =MP (1, 1, 2, 2) −MP (2, 1, 2, 1) +MP (2, 2, 1, 1) +MP (1, 2, 1, 2)
gUV (kˆ, pˆ) = i
(
MP (1, 1, 2, 2) −MP (2, 1, 2, 1) −MP (2, 2, 1, 1) −MP (1, 2, 1, 2)
)
gV I(kˆ, pˆ) = i
(
MP (1, 1, 1, 2) −MP (2, 1, 1, 1) +MP (1, 2, 2, 2) −MP (2, 2, 2, 1)
)
gV Q(kˆ, pˆ) = i
(
MP (1, 1, 1, 2) −MP (2, 1, 1, 1) −MP (1, 2, 2, 2) +MP (2, 2, 2, 1)
)
gV U (kˆ, pˆ) = i
(
MP (1, 2, 1, 2) −MP (2, 2, 1, 1) +MP (1, 1, 2, 2) −MP (2, 1, 2, 1)
)
gV V (kˆ, pˆ) =MP (1, 2, 1, 2) −MP (2, 2, 1, 1) −MP (1, 1, 2, 2) +MP (2, 1, 2, 1) (41)
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Where we bring some of the above functions after a tedious but straightforward calculations as
follows
fIV (kˆ, pˆ) = vˆ.ǫ1(k)
(
qˆ.ǫ2(k)× ǫ1(p)kˆ.ǫ1(p) + vˆ.ǫ2(k)× ǫ2(p)kˆ.ǫ2(p)− vˆ.kˆ× ǫ1(p)ǫ2(k).ǫ1(p)
− vˆ.kˆ× ǫ2(p)ǫ2(k).ǫ2(p) + vˆ.ǫ1(k)
)
− (vˆ.ǫ1(p))
2 − (vˆ.ǫ2(p))
2
+ vˆ.ǫ2(k)
(
vˆ.ǫ1(p)ǫ2(k).ǫ1(p) + vˆ.ǫ2(p)ǫ2(k).ǫ2(p)
)
+ pˆ.ǫ2(k)
(
vˆ.ǫ1(p)vˆ.ǫ1(k) × ǫ1(p) + vˆ.ǫ2(p)vˆ.ǫ1(k)× ǫ2(p)
)
+ vˆ.ǫ2(k)
(
vˆ.ǫ1(p)ǫ1(k).ǫ2(p)− vˆ.ǫ2(p)ǫ1(k).ǫ1(p)
)
+ vˆ.pˆ× ǫ1(k)
(
vˆ.ǫ1(p)ǫ2(k).ǫ1(p) + vˆ.ǫ1(p)ǫ2(k).ǫ1(p)
)
−
(
vˆ.ǫ2(k)
(
vˆ.ǫ1(k)× ǫ1(p)kˆ.ǫ1(p) + vˆ.ǫ1(k)× ǫ2(p)kˆ.ǫ2(p)− vˆ.kˆ× ǫ1(p)ǫ1(k).ǫ1(p)
− vˆ.kˆ× ǫ2(p)ǫ1(k).ǫ2(p)− vˆ.ǫ1(k)
)
+ (vˆ.ǫ1(p))
2 + (vˆ.ǫ2(p))
2
− vˆ.ǫ1(k)
(
vˆ.ǫ1(p)ǫ1(k).ǫ1(p) + vˆ.ǫ2(p)ǫ1(k).ǫ2(p)
)
+ pˆ.ǫ1(k)
(
vˆ.ǫ1(p)vˆ.ǫ2(k) × ǫ1(p) + vˆ.ǫ2(p)vˆ.ǫ2(k)× ǫ2(p)
)
+ vˆ.ǫ1(k)
(
vˆ.ǫ1(p)ǫ2(k).ǫ2(p)− vˆ.ǫ2(p)ǫ2(k).ǫ1(p)
)
+ vˆ.pˆ× ǫ2(k)
(
vˆ.ǫ1(p)ǫ1(k).ǫ1(p) + vˆ.ǫ2(p)ǫ1(k).ǫ1(p)
))
(42)
fUV (kˆ, pˆ) = vˆ.ǫ1(k)
(
vˆ.ǫ1(k)× ǫ1(p)kˆ.ǫ1(p) + vˆ.ǫ1(k)× ǫ2(p)kˆ.ǫ2(p)
− 3
(
vˆ.ǫ1(p)ǫ1(p).ǫ2(k) + vˆ.ǫ2(p)ǫ2(p).ǫ2(k)
)
− vˆ.kˆ× ǫ1(p)ǫ1(k).ǫ1(p)− vˆ.kˆ× ǫ2(p)ǫ1(k).ǫ2(p)
)
+ q.ǫ2(k)
(
vˆ.ǫ2(k)× ǫ1(p)k.ǫ1(p) + vˆ.ǫ2(k)× ǫ2(p)k.ǫ2(p)
+ 3
(
vˆ.ǫ1(p)ǫ1(p).ǫ1(k) + vˆ.ǫ2(p)ǫ2(p).ǫ1(k)
)
− vˆ.kˆ× ǫ1(p)ǫ2(k).ǫ1(p)− vˆ.kˆ× ǫ2(p)ǫ2(k).ǫ2(p)
)
+ vˆ.ǫ1(k)
(
vˆ.ǫ1(p)ǫ1(k).ǫ2(p)− vˆ.ǫ2(p)ǫ1(k).ǫ1(p)
)
+ vˆ.ǫ2(k)
(
vˆ.ǫ1(p)ǫ2(p).ǫ2(k) − vˆ.ǫ2(p)ǫ2(k).ǫ1(p)
)
+ pˆ.ǫ1(k)
(
vˆ.ǫ1(p)vˆ.ǫ1(k) × ǫ1(p) + vˆ.ǫ2(p)vˆ.ǫ1(k)× ǫ2(p)
)
+ pˆ.ǫ2(k)
(
vˆ.ǫ1(p)vˆ.ǫ2(k) × ǫ1(p) + vˆ.ǫ2(p)vˆ.ǫ2(k)× ǫ2(p)
)
+ vˆ.pˆ× ǫ1(k)
(
vˆ.ǫ1(p)ǫ1(k).ǫ1(p) + vˆ.ǫ2(p)ǫ1(k).ǫ2(p)
)
+ vˆ.pˆ× ǫ2(k)
(
vˆ.ǫ1(p)ǫ2(k).ǫ1(p) + vˆ.ǫ2(p)ǫ2(k).ǫ2(p)
)
(43)
20
Other functions have too paper consuming equation, so we neglect to write all of them here. But
we consider them to derive B-mode and E-mode power spectrum of CMB.
